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Cohomological characterization of Universal bundles of the Grassmannian of lines

m Horrock's criterion ~~ A vector bundle F over P" splits if and
only if F does not have intermediate cohomology

Ottaviani ~> splitting criterion for G(k,n) and quadrics

Arrondo and Grafa ~ characterized @®O(l,)) P ®Q(l;) (G(1,4))
Costa and Miré-Roig ~» characterized S\Q (G(k, n))

m Arrondo and Malaspina ~» gave an improvement of the
splitting criterion for the Grassmannian of lines



Cohomological characterization of Universal bundles of the Grassmannian of lines

Notation ~~ Q, &, universal exact sequence, E-N complex

Splitting criterion for Grassmannian of lines
m |deas (Serre duality, E-N complex)
m Result
m Comparison

Next Step ~ O, Q
m |deas (Induction on cohomology)
m Sketch of the proof
m Result
m Comparison for G(1,4)

B General Step ~ O, Q, 529, ..., SKQ with k < n— 2 (Chapter 3)
m |deas (Double induction)
m Sketch of the proof
m Result

H Derived categories vs E-N complex + Serre Duality (Chapter 4)
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I—Notaltion ~ Q, universal exact sequence, E-N complex

Notation for G(1,

m G(1, n) = {1—dimensional subspaces of P" = P(V)}
m QY ={(v,A) € V*xG(1,n)|veEN}

m The universal exact sequence is:
0—9Q" —=Vv'e0o2L8—0

OV is the universal bundle of rank 2

S is the universal bundle of rank n — 1

By making AJp we get some Eagon-Northcott complexes



Cohomological characterization of Universal bundles of the Grassmannian of lines

I—Splitting criterion for Grassmannian of lines

L ideas (Serre duality, E-N complex)

|
The following are equivalent:

m O is a direct summand of F

m there exist maps O — F and F — O whose composition is
non zero

|
We can relate the composition:

Hom(O, F) x Hom(F,0) — Hom(O, O)

(HO(F) x H(FY) — H°(0))
with the perfect pairing giving by Serre's duality.
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I—Splitting criterion for Grassmannian of lines

L ideas (Serre duality, E-N complex)

|
We can get the following commutative diagram:

H™L(F ® S"1Q(—n)) x H™L(F¥ @ S"1QY(~1)) % H2—2(O(—n— 1))
Tidxvs O tate

HO=1(F © §71Q(~m) x HO(FY) —+ H"™Y($"1Q(~n))
Ty xid O Y3l

HO(F) x HO(FY) s Ho(0)
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I—Splitting criterion for Grassmannian of lines

L ideas (Serre duality, E-N complex)

We use the following Eagon-Northcott complex to build the
injective map v1 : H(F) — H""Y{(F ® $"~1Q(—n)):

. ___________________________________________________|
0 = S$"1Q(-n) — V*@S5"2Q(-n+1) - A*V*®@5"3Q(-n+2) —

= A2V 0(-2) - ATIVERO(-1) - 0 - 0

And the following complex to build the surjective map
Wy HO(FY) — H™Y(FV @ S"~1QVY(-1)):

L
0 — S"IQY(-1) - V*@S"2QY(-1) —» A’V*@S3QY(-1) -

- A" VreQY(-1) - A"VvreOo(-1) - O — 0
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I—Splitting criterion for Grassmannian of lines

I—Result

Step 0

(Splitting Criterion) A vector bundle F over G(1, n) splits if and
only if H.(F ® S'Q) = 0 where (i, j) € Ao U By.

1 2 3 4 n5ata3n2 a1

Figure: AM's splitting critetion
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I—Splitting criterion for Grassmannian of lines

L Comparison

|
First we compare with the splitting criterion made by Ottaviani.

J
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Figure: Ottaviani's splitting criterion
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I—Splitting criterion for Grassmannian of lines

L Comparison

|
Now we compare with the splitting criterion obtained by using
derived categories.

I B ERER]

Figure: Splitting critetion with derived categories
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L Next Step ~ O, Q

L ideas (Induction on cohomology)

Goal: Characterize direct sums of twists of @ and O.

As before the following are equivalent:
m Q is a direct summand of F

m there exist maps @ — F and F — O whose composition is
non zero

We can relate the composition:
Hom(Q, F) x Hom(F, Q) — Hom(Q, Q)

(H(F © Q") x H(FY © Q) — H(Q" & Q))
with the perfect pairing giving by Serre’s duality.
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L Next Step ~ O, Q

L ideas (Induction on cohomology)

|
We can get the following commutative diagram:

H™L(F @ $"2Q(—n)) x H™1(F¥ ® $"2Q¥(~1)) & H2-%(O(-n-1))
Pgixid O ¢t
HY(F © Q¥) x H™Y(FY @ §"2QY(-1)) — H"(QY ® S"2QY(-1))
Tidx s O gt

H(FoQ)x H(FY®Q) — H(Q'®Q)
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L Next Step ~ O, Q

L ideas (Induction on cohomology)

We can build the natural surjective maps 1 and 1> by using some
particular Eagon-Northcott complexes.

|
For 41 : HO(F ® Q) — H""Y(F ® S"~2Q(—n)) we use:

0 — S"29(-n) — V*®S"3Q(-n+1) — A’ V*®S"4Q(-n+2) —

— ATV Q(-3) — ATPVPe0(-2) — VeOo(-1) — Q' — 0

|
And for ¢, : HO(FY ® Q) — H" 1(F¥ ® S"~2QY(—1)) we use:

0 — S"2QY(-1) — VF*®S5"3QY(-1) — A*V*eS"iQYV(-1) —

— ATV QY(-1) — ATPVIRO0(-1) — V0 — 9 — 0
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L Next Step ~ O, Q

L ideas (Induction on cohomology)

|
If we only suppose the vanishing of cohomology that make v; and
12 surjective maps we are just characterizing direct sums of twists
of Q. The hypotheses are H.(F ® S'Q) = 0 with (i, ) in the
following figure.

Figure: Characterize direct sums of twists of Q
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L Next Step ~ O, Q
I—Sketch of the proof

Ideas to characterize direct sums of twists of O and O:

m Remove one hypothesis of Step 0 (H!~1(F ® S"~2Q) # 0)

m Our conditions: the remaining hypotheses of Step 0 and the
hypotheses that characterize direct sums of twists of Q
= Induction on Y, A" 1(F ® S"2Q(/)) = m.
B m=0= Step 0
m we suppose the result true for m — 1
m we prove the result for m # 0
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L Next Step ~ O, Q
I—Sketch of the proof

Sketch of the proof:

m There exists an / such that H™ 1(F @ S"72Q(/)) # 0 (we
choose | = —n)

m We obtain the commutative diagram = F has as a direct
summand Q:
F=QoF

m F’ satisfies the same hypotheses of F and

m = AN F ®S?Q() =m-1
i

m Applying induction hypothesis to F/ = F can be expressed as
direct sums of twists of © and O
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L Next Step ~ O, Q
I—Result

Step 1

A vector bundle F over G(1, n) can be expressed as direct sums of
twists of O and Q if and only if H.(F @ S'Q) = 0 where (i,j) are
the points in the following figure.

J

Figure: Characterize direct sums of twists of O and Q
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I—Next Step ~~» O

I—Comparisun fol

|
We can compare this result with the one given by E. Arrondo and
B. Grafa for the case G(1,4). Observe that our characterization
has one less condition.

|
A vector bundle F over G(1,4) can be expressed as direct sums of
twists of O and Q if and only if H.(F ® S'Q) = 0 where the
points (i,j) are in the following figure.

Figure: AG characterization vs Step 1
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I—General Step ~ O, Q, s? 9, ..., SkQ with k < n — 2 (Chapter 3)

L ideas (Double induction)

Goal: Characterize direct sums of twists of @, Q, S2Q, ..., SKO
with kK < n— 2.

The following are equivalent:
m SXQ is a direct summand of F

m there exist maps SkQ — F and F — SKQ whose
composition is non zero

We can relate the composition:
Hom(SkQ, F) x Hom(F,S%Q) — Hom(5¥Q, S¥Q)
(H(F ® $¥QY) x H'(F¥ ® S¥Q) — H°(5%QY ® §%Q))
with the perfect pairing giving by Serre’s duality.
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I—General Step ~ O, Q, s? 9, ..., SkQ with k < n — 2 (Chapter 3)

L ideas (Double induction)

|
We can get the following commutative diagram:

H™Y(F ® 57 k-1Q(—n)) x H"Y(FY ® 57k-1Q¥(-1)) & H>"2(O(-n- 1))
Ty xid O Y3~
HO(F @ SKQ¥) x H"Y(FV ® S"=k=1QY(-1)) — H"Y(SKQY ® S"*—1QV(-1))
Tid Xy O Py T

HO(F @ SKQV) x HO(FY © SkQ) %5 HO(SkQY & SkQ)
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I—General Step ~ O, Q, s? 9, ..., SkQ with k < n — 2 (Chapter 3)

L ideas (Double induction)

We can build the natural surjective maps 1 and 1 by using some
particular Eagon-Northcott complexes.

|
For ¢1 : HO(F ® SKQV) — H"Y(F ® S"~k=1Q(—n)) we use:

0 — S"k19(—n) — V*@S5"k20(-n+1) = APV*RS"F3Q9(-n+2) —
- APV Q(—k—2) = ATFIVERO(—k-1) —
= AVveo(-k = ATveo(-k) —

- AN V®S29(—k) — VeSK1g9(—k) — SKQ(—k) — 0
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I—General Step ~ O, Q, s? 9, ..., SkQ with k < n — 2 (Chapter 3)

L ideas (Double induction)

And for 5 : HO(FY @ SKQ) — H'Y(FV ® S"=k=19V(~1)) we

use:
0 — sn—k—IQV(_l) - V*® Sn—k—QQV(_l) N /\2 V*® 5n—k—3Q\/(_1) N

- APV QY(-1) - ATFTVERO(-1) —

- ANveo - Alveg —

- ANVesS20 - VvesSlg - SkQ — 0
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I—General Step ~ O, Q, s? 9, ..., SkQ with k < n — 2 (Chapter 3)

L ideas (Double induction)

If we only suppose the vanishing of cohomology that make /1 and
1o surjective maps we are just characterizing direct sums of twists
of SXQ. The hypotheses are H.(F ® S'Q) = 0 with (/,}) in the
following figure.

Figure: Characterize direct sums of twists of SKQ
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I—General Step ~ O, Q, s? 9, ..., SkQ with k < n — 2 (Chapter 3)
I—Sketch of the proof

Ideas to characterize direct sums of O, Q, S20, ..., SKO:

m Remove one hypothesis of Step k-1
(HI7Y(F®S"*1Q) #0)
m Our conditions: the remaining hypotheses of Step kK — 1 and
the hypotheses that characterize direct sums of twists of SKQ
m Induction on 3, A" Y(F @ S"=%=1Q(1)) = m.
mm=0= Step k—1
m we suppose the result true for m — 1
m we prove the result for m #£ 0



Cohomological characterization of Universal bundles of the Grassmannian of lines
I—General Step ~ O, Q, s? 9, ..., SkQ with k < n — 2 (Chapter 3)
I—Sketch of the proof

Sketch of the proof:

m There exists an / such that H" 1(F ® S"=k=1Q(1)) # 0 (we
choose | = —n)

m We obtain the commutative diagram = F has as a direct
summand SXQ:
F=SQaF

m F’ satisfies the same hypotheses of F and

m =) hHF @Sk =m—1
/

m Applying induction hypothesis to F/ = F can be expressed as
direct sums of twists of O, Q, S2Q, ..., S¥"1Q and S¥Q
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I—General Step ~ O, Q, s? 9, ..., SkQ with k < n — 2 (Chapter 3)
I—Result

Step k

A vector bundle F over G(1,n) can be expressed as direct sums of
twists of O, Q, S20, ..., §k1Q and S¥Q with k < n— 2 if and
only if H.(F ® S'Q) = 0 where (i, j) are the points in the following
figure.

Figure: Characterize direct sums of twists of O, Q, S?Q, ..., S¥Q
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L Derived categories vs E-N complex + Serre Duality (Chapter 4)

|
To use derived categories we consider the following resolution of
the diagonal A C X x X where X = G(k, n):

0 —» AKDO-REVRSY) & . A}(QVRSY) - QVRSY = Oxxx — Oa — 0

These elements decompose in the following way:

r

N\(Q"BSY) = € $,QY ®SysSY

[Al=r

where the sum goes over all Young tableau with r cells, \" is the
conjugate Young tableau and Sy is the Schur functor associated to
the tableau A



Cohomological characterization of Universal bundles of the Grassmannian of lines

L Derived categories vs E-N complex + Serre Duality (Chapter 4)

|
Observe that H2"~2(O(—n — 1)) = Ext?>"~2(O, O(—n — 1)) and
the element that generates is precisely:

0 — O(-n—-1) — A"'Ve0O(-n-2) — A"2V®Q(-n) —
— A*V®S"39(-n) — V®S"29(-n) — V*®S5"72Q9(-n+1) —

— AT?VFRQ(-2) — ATIVFRO(-1) — 0 — 0

Conclusion:

The resolution of the diagonal has more pieces than the previous
complex.
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L Derived categories vs E-N complex + Serre Duality (Chapter 4)

Thank you!
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